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possiBiimns and limitations of rod-blam rni;oRii:s 


D. Petersen^ 

1 . Has i c Problems Kith RoJ-Bcam Theories /7* 


In roJ-beam theory the outatanJing quantity of the length 
of an actual spatial continuum is used to simplify static and 
dynamic analysis. Thus the description of a three-dimensional 
condition is impossible in one dimension without hypotheses such 
as Bernoui 1 1 i ' s , which suggests flat rod cross-sections during 
deformation. IVlassow fl2] gives a detailed description of the 
basic assumptions in rod theory. Such hypotheses also have 
effects on the stress and distortion tensors. 

It is unusual to speak of a stress or distortion tensor in 
rods, since rod-beam theories are based upon the assumption that 
only a few components of these tensors are other than zero. When 
dealing with distortions, one confines oneself essentially to the 
definition of a strain along the longitudinal axis of the rod. 
Because of bending and curving, the strain varies across the cross 
section . 

Rod-beam theory requires that no normal stresses should arise 
transverse to the rod axis. Thus stress-free transverse strains 
must be allowed, but they alter the cross-section dimensions only 
infinitesimally. Therefore the contour of the cross-section is 
maintained in the deformed state. 

As a matter of principle, shearing deformation is regarded 

^Division of Stress and Stability Problems, Institute of Struc- 
tural Mechanics, German Research and Testing Institute for Air 
and Space Travel (DFVLR), Braunschweig. 
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as negligible in rods, as required by the hypotlicsis of flat 
cross sections in the deformed state. Shearing stresses per se 
are determined from the so-called stress functions, equilibrium 
equations with expressions for the distribution of such stresses 
over the cross section. If in special cases the displacement 
of the rod due to shearing is not negligible, an approximation 
is used in which such displacements are superimposed upon the 
displacements due to bending. At the same time, however, the 
effects of shearing on the distortions are regarded as negligible. 
These approximations and equivalent procedures in considerations 
of secondary shearing due to curving force torsion are discussed 
elsewhere (4,5,11). 

It is obvious that such approximations arc valid only under 
particular circumstances. This work is thus limited to long rods 
in which both shearing distortions and displacement due to shearing 
remain negligible. 

/8 

Only for torsional shearing stresses, which are described by 
stress functions under Prandtl's soap film analog, does rod beam 
theory take equivalent distortions into account. In curved cross 
sections the relationship between the stress function and distor- 
tion leads to the determination of the curvature function across 
the cross section. 

As long as construction used rods to provide stable and al- 
most distortion- free structures, linear rod-beam theories were 
appropriate. But with the construction of aircraft and extremely 
light structures the situation changed. In the 1930's and 1940's, 
therefore, rod-beam theories were remodeled to include further 
effects. These particularly involved stability problems of 
torsion buckling and bending torsion buckling, and the tipping 
of beams. 


The requirements of weight reduction in air- and spacecraft 



construction led to lower rigidities, so that today analyses must 
take greatei deformations into account. This has often led to 
taking terms of higher lank into acioui'.t i n cases of longitudinal 
strain. At the same time, however, the assumptions of classic 
rod-beam theory are often taken on unexamined. .Now, in rod-beam 
theory a whole group of components of the distortion tensor are 
equal to lero only because terms of higher order are ignored. But 
if one acknowledges terms of higher order in only one component, 
one violates tlie rules of compatibility. Rod-beam theories built 
in this way must remain (juestionable, unless the validity of such 
an approximation can be demonstrated, at least for a certain field. 

The present paper intends to derive the non-linear distortion 
tensor and the non-linear stress tensors in rods and beams. Sub- 
sequently, we will discuss possibile simplifications which cut 
off after terms of a certain higher order. It will be shown how 
far non-linear tlieories arc possible in deformed rods under the 
hypotheses which establish a rod-beam theory as distinct from con- 
tinuum theory. 

In the case of the curvature of a cross section the hypothesis 
of flat cross sections is already modified, since one admits a 
deviation of parts of the ctoss section from the flat plane. Thus 
this plane establishes only a ealculatory average surface of the 
cross section. If the deviations from this average surface rc- 

/9 

main infinitesimal, there are no extensive consequences for rod-— ^ 
beam theory. In closed cross sections there is such a strong 
resistance to curving that the preconditions arc established. 

Open cross section.'’ arc a different case. But the cross-section 
contours remain flat within themselves, even though the plane may 
no longer be perpendicular to the rod axis in the deformed state. 

In both cases only those expansions of the theory apply wliich arc 
provided by curving force torsion theory. 


Therefore we must answer the question of what expansions are 



possible in the eontoxt of rod-beam theory. 


The conclusion contains cons i derat ions on the determination 
of cuttinj: forces, and shows tliat in the case of theories of 
iu^ther order one must distinguish different stress definitions. 
Krrors can especially arise when a linearized theory is applied 
to account for effects of the second order. 

2 . Vec t ors . Distort ion and Stre ss T ensors 

Tile present work is founded in part on Klingbeil (8| and 
Tung 1-1: A mass point has a pre-displacement position described 

by the position vector r. After d i sj> 1 acement , which is designated 
by the vector v, the mass point has the position designated by 
the position vector K. 


If one refers to the undistorted system as a reference state, 
then r is determined by the linearly independent coordinates x*. 
but one can also clioose the deformed state as a reference system. 

In this case R is described by the linearly independent coordinates 
yV As a basic system we choose a cartesian coordinate system 
with the uni tv vectors e^. 


(2.2) 

K ■ v'e, 

(2.3) 

r • x'e, “( y*~v')e. 

(2.4) 

R - ix'* v')e, - y'ej . 


/lO 

Between the coordinates x* and y* there is the following 
connection via the components of the vector of displacement: 

(Z.5) y'-x'*/ 


• (?. 6 ) 


y'- v'. 
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The differentials 


are : 


(2.M dy- ^dx^afdx'^S/ * dx’ 

(?. 8 ) dx^‘ <^y'- 

hy mutual insertion of (2.") and (2.8) into each other and 
with the requirement of linear independence of the coordinates, 
one t;ets the relat ionship^ which demonstrate a^-* and h -^ as 
inverse to each other. 


In elasticity theory two distortion tensors arc known. The 
most used is Green's tensor, which refers distortions to the un- 
deformed state. The counterpart is a tensor that refers distor- 
tions to the deformed state. It is also called the Almansi tensor. 


First we will show the derivation by differentiation according 
to the coordinates of the undeformed state. The basis vectors 
arc obtained by differentiation according to the coordinates: 

dr dx' ,i 
” dx' " dx' 

(MO) 


d R ^ ! j , i\ J 
dx' ' dx' 


The metric coefficients result from scalar products 


/II 


9,j'9,'9j 

G,j “ 0, ’ Oj “O, Oj , 


From the transformations: 


(Z.iZ) 


9,'9,x9'' 

6, “ OiK 6^ 
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one gets the cont rava ri ant basis vectors. Here the f rans forma t ion 
is performed with (2.9) in the case of basis vectors of the 
deformed state. 


(2 i3) 




With the metric coefficients one can describe the arc ele 


ments dR and dr. 

dR-G, dx* 

dR*“0,j dx*dx' 

(2.14) 


dr*^g,j dx'dx ^ . 

dr -g, dx* 


The components of the distortion tensor result from the 
di f f erences . 


(2.15) 




1 

1 


dR^-dr^ 
dx' dx^ 




An equivalent derivation results from differentiation accord- 
ing to the coordinates of the deformed state. 


(2.16) 




The metric coefficients: 


/I 


(2.17) 


Of “ 




The contravariant basis vectors: 


b 



( 2 . > 8 ) 


9-o;e^ 

<5 - . 


The arc elements referring to the deformed state; 

dR‘ 5 dy' S,j dy'dy' 


( 2 . 19 ) 


' 9, dy' df^ - g dy' dy‘. 


The components of this tensor of distortion: 


( 2 . 20 ) 


r dP(^-df* t . . , 


In (2.15) one finds the components of tlrecn's distortion 
tensor, and in (2.20) those according to Almansi. But a tensor 
is fully known only when given in connection with the basis. 
Then it must also be irrelevant what method is used to derive 
the components. 

Almansi 's distortion tensor is referred to the deformed 
basis, so that the complete notation looks as follows. With 
equations (2.13), (2.28) and (2.9) one can show identity for 
both derivations. 

( 2 . 21 ) 0*G'’j(G,j-g,j)6'G>-j(a^a/-d,j}G*G^- 

'j b„)ei e„’ 
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( 2 . 21 ) ~ ^ “ J . 

The same applies to Green's distortion tensor, which refers 
to the undeformed tensor. 



( 2 . 2 ?) 


'c -r>j P V- i ( o,j-g,j)g'g>- j (0*0/ - 6 ,j)e, tj - 
‘ /mr, 9 j (dmn-b!^ 

"j(o,"o/-<f,j)e,ej. 


There are also equivalent definitions for the stress tensors. 
First there is Euler's tensor, which refers the stresses to the 
deformed state. Then there are Lagrange and Kirchhoff's tensors. 
Both refer the stresses to the undeformed state. However, they 
differ from the Euler tensor in their transformation laws. La- 
grange's tensor does indeed refer the stresses tk the undeformed 
state, but they act in the direction of the normal lines of the 
deformed system. On the other hand, the Kirchhoff tensor repre- 
sents a complete transformation into the undeformed state. 


(2.23) EULER: 

«ith 

(2.24) LA'-.RANGE: 

aith 

(2.25) KIRCIUWrr: 

«<th 


“ “ 9i9j“'^ 9k 9 I 
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It is common practice to mention only the components. Accord^ 
ingly, are called Euler stresses, t’-^ l.agrange stresses and 

Kirchhoff St resses . 
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Iho forces octint* on the surface elemtius Jl . are as 
follows for the three tensors; 

f t'dr, I • f'*f* e,t„ dydy'^ •Wx dx^dx^ 

ix.v) e,,„dxdx'^ 

(z.?B) (t'dr,)^- 5‘^e, e,im<^*'dx'” 

e,t^ - Permutaten . 


The scalar triple product of the basis vectors reproduces 
the change in volume compared to the reference system with the 
unity vector. Since the mass remains unchanged, these values 
must be inversely proportional to the ratio of the mass density. 


(?.29| 


fd - (Of X Of) • Of ■ det lafi - ^ 
//* (St»§3^ 9, ■ de( IbU" ^ . 


In the Lagrange equation the forces are set equal to each 
other since they have the same directions. 

(2.30) (t'dF,\ - (fdF,l . 


From equations (2.25) to (2.30) one can derive the connec- 
tions between the components by mutual ^ubst i tut ion . 

r'*- 15 ' ft; f'* - r' V 

(2.31) sr 



In the Kirchhoff relationship the force referred to the 


p 



JcformcJ system is transformed into the uiuleformed system. 
Jifferinj; directions must then be taken into account. 


The 

/1.S 




From this one gets the transformation for the Kirchhoff com- 
ponents. They must correspond to the completely transformed 
tensor components with the change in volume taxen into account. 

bl 

(?.33) er 

•t 


TIic t rans format ions in (2.31) to (2.33) arc found thus in 
Fung [2). Ihe derivation there is based solely on considerations 
of differential geometry, since Fung operates only with the compo- 
nents of the stress tensors and thus cannot apply equations (2.23) 
through (2.25). As can be seen, the components of the Euler and 
’lirciihoff tensors arc symmetrical. The components of the ! agrangc 
tensor, on the other hand, arc not symmetrical. 

The Euler tensor (2.23) will be used here for the further 
treatment of the non-linear problem. The stress-strain relation- 
ships for the general case in any kind of curved system arc 
derived by Green and Zerna (3). 

( 2 . 34 ) r’’ • (o'" 6^*' * 


If one transforms the components and into the com- 
ponents referred to the deformed system, one gets the known equa- 
t i ons : 
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(2.JS) #»»4 


f {f^ * fZJy I, 6’‘) 

(?.J6) Ond 

u ■ torsion modulus / 1 6 

V ■ coefficient of transverse strain. 


Since the deformed state of the rod is to be described only 
as a function of length, the position of the deformed rod axis is 
of fundamental importance. The position vector of a rod axis 
point has been described in detail by the author elsewhere [lOJ, 
so that W' , V dispense with a detailed presentation hero. The 
point of ihc rod axis in an undeformed state, 

( 2 . 37 ) , 

converts in the deformed state into 

( 2 . 38 ) {x*u)t,*vej^ wtj . 


With the longitudingal element 

( 2 . 39 ) di" dx-(u O') ax 


one gets the tangent to the spatial curve of the deformed rod axis. 


dR^ - {Uu')fi * v‘ei*w'e, 
ds y"* I*''*' 


. 1 


( 2 . 40 ) 



The other two unity vectors e-, and e, are given in |10]. 
They are determined from the theory of curvatures of curves in 
space. 





111 

Here pj is the torsion corresponding to the change in angle 
per unit of length with reference to the rotation of the cross 
section around the rod axis. 


( 2 . 4 ?) 



The curvatures p, and p. arc bending curvatures determined 
mainly by the displacements v and w. 

For the displacement of a point in the cross section, first 
a general statement will be made, so that the specific limitations 
of rod-beam the.iry can be made clear. 

The cross-section point in the undeformed state, 

( 2 . 43 ) fue, * , 

converts into the deformed position 

( 2 . 44 ) . 


The f. functions arc at first still unknown. The curvature 
of the cross section is proportional to the torsion and a curva- 
ture function as a qualitv of the cross section. 
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The basis vectors of a deformed cross-section fiber are 
now determined by differentiation. 


( 2 . 46 ) 


( 2 . 46 ) 


Of 'It* * 4^ ]^f * 

da (df, duw] • dff • ( dfj ); 
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These equations rejiresent equations (2.10) for the deformed 
rod as a continuum. The basis vectors, however, are not the 
basis vectors of the fundamental system ej . But there exists only 
a rotation between the e^ vectors that form the accompanying tri- 
hedral for the deformed rod axis, and the Oj vectors. Thus on the 
basis of C-, too, the same connections as above can be derived 
for the stress and distortion tensors. For both stresses and 
distortions, the same transformations apply as between the basis 
systems and e^ , since both bases, as orthonormal i zed vector 
systems, are identical to their cont ravariant bases. 

Th. establishes the foundation for a further discussion of 
possible rod-beam theories. As can be seen from the basis vec- 
tors (2.40), a complete nonlinear treatment in its further expan- 
sion would become extraordinarily extensive. It would moreover 
be pointless, if it can be shown that only to a certain degree 
can non-linearities be taken into account in a rod-beam theory 
without contradiction. 
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I.i near i -inl Koil lU'am Tlu’orv 


In a linearizcil theory all Je format ion (juantities are taken 
into account only when they occur linearly. Since they may he 
assumeJ to he infinitesimal, elements of hij»her rank arc nejiligihly 
small. Ihe basis vectors in the JeformeJ state are as follows: 

* r;]f, * 




The linearized metric coelficients are calculated withl2.lL>, 
dropping the non-linear elements. 

0,r 1*2 ||- 

( 3 . 2 ) 

0,3' e' 

dh dfi 

Since the metric coefficients in the uiuleformcd state arc 
equal to the components of tlie unity vector, the distortions in 
l.d.l.'i) result very simply. 

dh 

222’ -fflj- 

y>r fi 


yf2' . 

1 ilk 4 ) 

22}“ 2 \di 



Since only linear elements can be taken into account, one 
can replace the contravarinnt metric coefficients in (2.34) with 
the components of the unity vector. 

r"- ~ 

r'*- . 


Linearization moreover leads in (2.23) to the fact that the 
stress components from (3.4) apply to both the deformed and un 
deformed state. In the linear case, the Luler, Kirchhoff and 
Lagrange torsions on the one hand, and the Green and Almansi 
torsions, on the other hand, are equal. 


Now, with the exception of curvature, rod-beam theory re- 
quires flatness of the cross sections. But for this and all fur- 
tiier cases of possible rod-beam theories, this means f^ must be 
zero. Moreover, no normal stresses transverse to the rod axis 
should appear in the rods. Thus transverse contraction must be 
unhindered. But the cross section form must also be maintained. 
Thus one must require that the distortion become zero. Fiially 
the shearing deformations due to bending should be negligible oi 

(a) f,-0 

(b) 

tcl ■'3?/ ® 


(3.S) 


Id) 
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Condi t ion (li) in (5.5) leads to the following result: 


( 3 . 6 ) 


( 3 . 7 ) 





The hitherto unknown functions f, and f^ can be determined 
by integration from (3.7): 

0 " ~ V [u'^ - j 

( 3 . 8 ) 


r,-r[o‘i -lilt, ■ 


The solutions to (3.8) must satisfy condition (c) in (3.5). 
( 3 . 9 ) 


The following connection exists between the stress function 
for the torsion stresses and the curvature function: 


( 3 . 10 ) 


dip. d(f> ^ ^ 

7f-3{ '5 ' 35 • 


Kith the means of partial integration one then gets from 
( 3 . (1 ) w i t Ii (3.10): 


( 3 . 11 ) 


dh dfj^ 

dt* dr; 


~T)j* 


dl 


dr^ 


To satisfy condition (c) in (3.5) we must have 

'( 3 . 1 ?) Cj(r^)' v[j • 

If it is predicted that the c ross - sect i ons will remain /22 
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flat, then fj ■ (< . If at the same time only torsional shearing 
deformations are to he ‘aken into account, then f, and fj must 
be of a negligible order of magnitude. Thus one must set down 
a few considerations on the order of magnitude of the deformations 
and cross -sect ion dimensions. 

In theories of higher rank one assumes that tiie deformation 
quantities are finite but small in comparison to the Icngtii of 
the rod. They arc viewed as small in rank one. The longitudinal 
strain in the direction of the deformed rod can result cither 
when a longitudinal force acts directly on the rod, or when such 
a force arises because of bending wiicn the rod ends cannot be 
displaced. In both cases one must consider it small in rank two, 
as can be seen in the description of the longitudinal clement (2.39) 
The c ross • sect i on dimensions in a rod must likewise be small com- 
pared to the length. The maximum values of the coor’.inates n 
and c arc thus small in rank one. The curvature function i)i^, 
ecause of a quantity equation in (3.10), must thus be small in 
rank two. Moreover, one can view the coefficient of transverse 
strain v as still being small in rank one. Its maximum value of 
0.5 for incompressible materials cannot be expected in rods, since 
such materials arc rubbery and have inadequate resistance to bending 
In general one must antieij^ate v » 0.3. 

One thus gets the following hierarchy of orders of magnitude. 

(3.13) 

Thus the largest terms in f-, and f, arc small in rank four. 

(3.M) o{e*) ft, 

Therefore a rod-beam ’rheory with re(|u i rement s (3.5) can / 23 
be considered free of contradictions only to the third order under 
(3.13). If terms of higher rank arc taken into account, the normal 
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preconditions in the context of rod -beam theory arc violated. 

An improved solution is thus possible only by way of disc, plate 
or shell theories, or in extreme cases, continuum theory. 


Ke will include a short discussion for very thin rod*; in 
which the cross-section dimensions can be designated as small in 
rank two. The hierarchy of orders of magnitude then appears as 


fo 1 lows: 




( 3 . 15 ) 


o Ce*) ■ 7, 


r 


dipj 


0 (£*) -. fj 


If one wants to include terms up to the fifth order in such 
a theory, in order to include the curvature force effects from 
G"^^, there is still one term each lef* for the functions f, and f,. 

V O' 

( 3 . 16 ) 

fr-vo'i*c! -ou*) . 

Shear stresses result from this when u ' is not constant 
throughout the length. The variable transverse contraction causes 
torsional distortions if the cross sections are to remain flat at 
the same time. But if one allows the cros*; section points to 
deviate from this hypothesis, it would be small in rank seven 
for very thin rods. 


Since only terms up to tlie fiftli order are taken into account, 
the cross section can be called flat with adequate precision in the 
context of these cons i ilerat ions . At the same time the shear 
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distort ion.s can ho further neglected, and the characteristic 
stress state for rods is maintained. 

IVe have thus established the outer limits within which rod- 
beam theories of higher order must be realized. 

4 . Rod-Beam Theories of Hig her Order 

In this section we will draw conclusions for rods in which a 
finite, known torsion can appear. Such rods appear as rotor 
blades in helicopters or exterding/retract ing rod antennae with 
open sections in satellites. The rod theories used in these 
cases [1,6,7,91 are either linearized theories with equilibrium 
formulations in the deformed state, or non-llnear theories that 
lack an unobjectionable distinction between stress and strain 
tensors. The concluding section will discuss the possible conse- 
quences of confusing huler and Kirchhoff stresses. 

4. 1 . Simple Rod Theor y 

For a rod with a finite pre-twist, torsion in the deformed 
state is 

Pf'TT^ * 


so that for the curvature of the cross section one gets: 


( 4 . 2 ) 


- o ^9*^' 


The orders of magnitude for this case arc to be assc.icd as 


foil ows : 

( 4 . 3 ) 


dtp. , , 

0 (t*) •• ^ . w' 


j dff dfj dfj 

° I ' dl ' ’ di 


/:s 
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( 4 . 3 ) 



Terms of higher orders than will be neglected. From 
equations (2.46) one can form the basis vectors O. up to order 
c*. The stress-free original state is merely the pre-twisted rod. 
The components of the distortion tensor in this case are: 


7 [^'(^ ( - 9P, *H)*^o9, % ] 

^'^'7 df (- 99/^ Pi)- ^o9i %] 


To transform the components ir.to the yj.^ components under 
(2.35), one needs transformation coefficients only up to rank c . 
Since the lowest order of distortion is c" , no terms of higher 
order are needed for the transformation in the context of this 
approximation . 

{ 4 . 5 ) (Cj^~a/e, 


yf 1 1 h 


( 4 . 6 ) 

Ond 



( 4 . 7 ) 






/26 
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The components of the 'Imansi tensor in the accompanying 
c- rod system are: 


( 4 . 10 ) 


k‘ 

k-i HIl ' 7 )-®» li • n‘i9.)-^9.9.] 

k-rin ' di-9%) ■ 


• aRl 

The and t components involve distortions and stresses 
referred to the deformed state. The pertinent orthonorma 1 i zed 
basis is the rod's own system, the accompanying trihedral of the 
rod axis e^. The assumptions of rod-beam theory must thus apply 
to these components. These requirements, as raised in (3.5), 
are satisfied by the following solution 

121 

fj--v -Jp^pj* VlPi * 

- o‘e[{ 

( 4 . 11 ) 

6 * ■ ^[o'i -7^9/ 1 ^'Pj * ^^ 7 “ 


This yields the 
accompanying system . 


components 


of the fuler tensor in the 




4 ,/ « _ 

^ bcndinj! and curvinj; shear 
stresses with negligible 
distort ions . 

As can clearly be seen from equations (4.121, this theory 
yields only stresses and distortions which arc linearly dependent 
on displacements and twisting. Thus only a linearized theory 
can be carried out; but it makes it possible to set up the equi- 
librium in the deformed state. 

4.2. .\on-Lincar Rod-Beam Thcorv 
- ■ ■ ■ — — * 

The orders of magnitude for very thin rods must be applied 
in this case. 



Terms of orders higher than will be neglected in this 

theory. Iron equations (2.46), the basis vectors of G. arc formed 

5 * 

up to rank c . The strcsslcss state is again the pre-twisted rod. 

The components of the distortion tensors arc now: 


4.U) 




Since the distortions present rank e' as the lowest one, the 
transformation coefficients for the transformation into Fulcr and 
Almansi components must be developed to rank c‘^. 


( 4 . 15 ) 


•uh 


( 4 . 16 ) 


fo,;.- <'» 


\ 




,dfj 

dfs 



dfi 

iJJL 
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»; 


r<l''®V{ r.^ 


% 

-(^:-»'h ■ 4 


4!i 

dl 


Ond 


7 

l*>’> 

The coefficients become 


r-^ / 

di / 


/fi " 7 (i ’7^^) 

A ^ « _ 


* , , <?lA 

di 


" ■ V i ly * 7 fl)] 


«.eo) 
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The requirements of (3.5) are satisfied by the following 
solut ion : 

f,--y[{o‘-j u'^)7 * ( f-20'J (- j 7'pj e-fifj d^]’ 

(4.Z1) -e:e[(l*v)i,q-yfj;jfdi^]*c,(i) 

fj - ^ [{o'- 7 (' 

-e;e' fyf§^ di-(f*y) 7f^] * cj(p) . 

In order to be able to ignore the shearing deformations fur- 
ther, a negligible function of rank is assumed for f, ns in (3.17). 

-k 1 * 

The T components of the Tulcr tensor result as follows: 


24 




The stresses in (4.22) make possible a rod-beam theory 
t. at allows nonlinear terms in the curvaturei. f , and e .. A 
theory to rank e‘ as in (4.13) represents the most extreme degree 
of non-linearity in a general theory for very thin rods. For 
special, less general stresses, however, the possibilities for 
individual cases are not so limited. But in most cases a general 
stress with longitudinal force, bending and torsion cannot be /31 
ruled cut. 

5 . Negligibility of Secon da ry Shear Deforma t ions 

In the previous sections it was shown how a compatible 
state of deformation can be brought into accord with rod hypothe- 
ses by the defined neglect of terms of higher rank. But second- 
ary stresses also occur in rods for reasons of equilibrium, when 
the longitudinal stresses in tlr rod arc not constant across its 
length due to variable bending or curvature. 

The resulting shear distortions arc not taken into account 
in the deformation expression for the rod, as a result of the 
simplifying hypotheses. Those shear deformations thus violate 
the compatibility conditions. A significant problem of all rod 
theories is therefore to make these additional deformations 
"tolerable". For the case of thick rods, approximations have 
been developed and show the remaining error to be ncgligibh in 
most cas c*s (4,5,11). 
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Here we will consider only thin rods. Here again we find 
the <|ucstion of what degree of precision still makes sense in a 
non-linear theory, when the secondary shear deformations are to 
be further neglected, as is generally the case. If a rod theory 
takes account of terms of higher order, of the same order of 
magnitude as tl>e neglected shear deformations, the theory becomes 
dubious. 


If one turns to linear theories, initial equations of order 
of magnitude can be given for the secondary shear deformations. 
Since the linear theory does not have to dist ingui .*:h between the 
different definitions of stresses and distortions, the equilibrium 
in the longitudinal direction can Le written directly with the 
components from (3.4). Here additional expressions must be taken 
into account for shear stresses due to variable longitudinal 


stresses, 


( 5 . 1 ) 


dr" d fr"‘rf.,J 
^ * dtf di 


Equation (5.1) can be transformed with ( 3 . 3 ) , i 5 . 4 ) , ( 5 . 8 ) /32 

and (3.12). 


In equation (5.2) the f,, and f,^ solutions from Section 3 
are still taken into account, since their derivations from the 
cross-section coordinates are used. The resulting stresses and 
distortions remain of the same order of magnitude as f, and f,, 
and are thus negligible in the context described above. 


From equation (5.2) one can split off an equation for vari- 
able longitudinal force. 

( 5 . 3 ) EG"*q^~0 . 
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Here the alteration of the I onj; i t ud i na I force, for instance, 
is proportional to the inertial forces, due to the rod's weight, 
vshich are constant across the cross section. Any alterations of 
across the cross section, whether linear or proportional to 
curvature, would contain bendinj: and curvature inertia terms, 
fhey are of the same order of magnitude as the corresponding 
terms from the longitudinal stress, so that one can disj>ense 
with an explicit acknowledgement of them. 

Also conceivable is an alteration in longitudinal force due 
to shear stress on tlie rod surface in the longitudinal direction. 
The resulting force introduction problem, however, cannot be 
solved with the tools of rod-beam theory. Strictly speaking, 
external transverse loads arc also not possible in rods, since 
they would entail stresses normal to the rod axis. 

If, however, it is possible to represent secondary shear 
deformations as negligible in rod-beam theory, then the rod-beam 
theory in itself is justified. The equilibrium in a single volume 
element of the rod then becomes uninteresting; only the equilibrium 
in a rod segment is set up. Mere the cutting forces integrated 
across the cross section arc used. 


Taking (5..i) and the negligibility of the transverse deform- 
ations into account, one gets the secondary shear stresses as 


fol lows : 


( 5 . 4 ) 


u<th 


f. 


/55 


(?V 




With the order of magnitude in one gets 



(S.5) 


0 "^mo(e*) and 

Ihe other terns in (5.4) seem to be of the tliirJ order. But 
one must note that the shear stresses can only run parallel to 
the outer ed^es of a cross section. Perpendicular to the edges 
they must he zero. The pa rabo 1 a - shaped curve thus caused further 
limits the size of the shear deformation. 


one 


Tor a rectangle of height h with -h/2 
gets 

(5.6) 


< n < *\\/Z and h 


o( c) 


The maximum for 
(5.7) 


j , at 2 11 ^ r. is then 




hi 

8 


o(e*) 


Thus in thin rods one can assume that the secondary shear 
distortions can be considered to be of the fourth order. The con- 
clusions drawn at the end of Section 5 remain the same, even when 
one is considering very thin rods. 


In the case of theories of higher order one can provide the 
same demonstration for each individual case. For the statement /54 
of equilibrium (5.1) the Lagrange components referred to the basis 
system e^ are are most suitable [2]. The equation tlien takes 
the same form. 


(5.8) 


Vr" r.V K-J 


dx 


drj 




•0 


Tlic only tiiesome part liere is the many transformations, 
where one must £lso take into account the fact that the' Lagrange 
tensor is not symmetrical. 
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If oiu' considers only the secoiuhiry shear formations, the 
deijree of precision can he further increased hy suitable approx- 
imations. Hut, as shoun in the last Section, one would thus j;ct 
into orders of majtnitude in which the neglected tr.insverse strains 
would again play a role. Thus C’lly special applications of 
theories of higher orders are conceivable. A gener.'*!, non-linear 
rod-beam theory, on the other hand, remains valid only to a 
limited extent. 

h. (. Cut t ing I 'orces 

Within theories of higher order one must set up the cciui li- 
brium in the deformed body. Tor rods this means that the cutting 
forces and moments must be determined for the deformed rod. Since 
the surface differentials which are necessary in connectioti with 
the liuler tensor under (2. Jo) are either unknown or hard to 
come by, one must detour to the Lagrange components under (2.31). 
Under definition (2.50) this does not change the si:e and direction 
of the cutting forces. 

The stress vector in the rod cross section, referred to the 
undeformed cross section in the direction of the normal line of 
a deformed surface d i f ferent i a i , is thus formed accoiding to (2.51). 

(f.i) - /S' bj r'*e* - /Sr^‘o*e^ . 

In linear theory botli the volume changes and the transforma- 
tion a^ and lv| are neglected. I'hus no distinction is made among 
Lulcr, Lagrange and Kirchhoff stresses. However, it is frequently 
the case that one must consider known or partially known stresses 
on the rod. .Since in this case the deformations by way of tlie 
St ress - St ra i n relationship can be replaced !•>>• tlie corresponding /55 
forces, it is possible within a linearised tlieory to take trans- 
formations into account in (b.l) to a certain extent. In the case 
of such a "postponed" expansion of the theory to a liigher order 



* * i*i| (I i 1 i b r i iitn in the* ilc t i lU'^l rovl - - the s t rr *« s os .1 r** i* 1 t on ci'n • 
tusoil. As soon .is tho olassic linoai thoory is loft hohiiul, ono 
must il i s t i nj:u i sh lulor, la^iian^o aiul Kirchhoff strossos. 

Uith a simplo o.vamplo i\o will show shat orrors can ho pro- 
iluooil hv .1 non ohsorvanoo ol tho diltoront stross vio f i n i t i ons . 

Wo ohooso tho oxamplo of .1 ourvat uro- Iroo cross soction i .*■ ■ (M 
undor torsi«'ii and longitudinal stross. A complotolv curvatiiro- 
t roo cross soction is tor inst.inco a closed circular cross soction 
in which tho shearing axis center and tho controiilal axis are tho 
same. A precision of r “ is to I'o reached uiuler tho simple rod- 
hoam thoory (.‘'ec. l.l). There will lu' no pro twisting of the 

cross section. 


Under (l.lJl ;.e 'Tiler components .is a function of the do 
formations u* and ti ’ are as follows: 


r"'£cJ' 


* // 2 j» - 

r • r ’0 


X 


r"- 


0 


If one stays with strict linear theorv, then t ’ * .S*-’ = I*-’, 
since the coefficients ot t rans fo: ma t i on , insofar as tney are :i 
function of the do forma t i ons , are still negligible. But if ono 
assumes that the stresses can be expressed l>v known forces, then 
despite line.ir tlieorv, t’.e t r.ins forma t ions can take into account 
tlioso terms ‘hat cont;iin the distortions linearly. One develops 
a line.i fired theory w i t ii the establishment of equilibrium in the 
deformed rod. 


I'rom (2.1M the basis vectors to r.ink 1 " are o''tainod: 


.xO 



( 6 . 3 ) G.’ale^ 


kith 



Accordinj: to ((>.1) with ((».4),io,5) ;jiuI (o."). the r.injjo 
compononts in the rod cross section are: 

f”- 

■5.9) 

f”- r'*- r''(t*u') . 


The lonc.i tiul ina 1 force acting <n tlie rod in the direction /3’' 
of tlie tangent to the deforn.ed rod axis results from the surface 
integral across the cross section. 

( 6 . 9 ) N • j f” dr - jV" dr ~ €F Q' 

f f 
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Ilu' torsion nionuMit is formoil by the torsion shear stresses. 

(6J0) 0- J 

f r 

If one eonfiises the l.nUr aiul Kirehlioff stresses, one j:ets 
a eouplini: of 1 on j: i t lul i na 1 foree aiul torsion. 

(6. It) . 

f 

As can be seen from (0,11), the second term under tlie inte- 
gral yields the common expression with the polar moment of inertia. 

(6.1?) J^e' -Y • t" no' . 


This term from intcjiration (5.11) disappears, however, 

1 1 

takes into account the fact that the shear stresses t * and 
cannot even apjMoxim.atel v be set equivalent to each other in 
context of the precision required here. Rather, the inverse 
(2.2.5) as jiiven in (2.. 5.5) must apply. 


i f one 
1.5 

the 

of 


( 6 . 13 ) 


r'‘ - b[ f 


uiltli 


( 6 . 14 ) • x" ie'*V'v-o') 

z'^‘-V' 7^ d*v\i -o') . 

If one inserts (0.14) in (o.M), the result remains as /.5S 
shown in (O.IO), 


Tor I’hys i ca 1 1 V obvious reasons, 1 ony i t ud i na 1 force can not 
at all be coupleil with torsion in tlie case of cu rv.i t ure - f ree cros'i 
sections. .‘^ince curva t ure- f ree cross sections do not curve, the 



novnnc'nts of a point in tho cross section Jne to strain in ti>c 
direction Cj and torsion in the plane (c,. e^| are exactly per- 
pendicular to each other in the context of a rod theorv. Couplinj: 
is thus ruled out. 


However, tlie ease of curvable cross sections is different. 

Ihe example chosen here is a thin-walled open cross section, 
with a contour midline that must be free of shear stresses because 
of tho closed slicar lines. l-or the curvature function one then 


gets : 


‘.t5) 



ond 



• 


Since for a rod it must be that t"*" 
the Lagrange stresses still result as 



0. 


*.16) 



and 


T ~ T 


- 1 ■’ - 1 ^ 

But stresses t “ and t ‘ in this case already contain the 
coupling with strain. If one takes into account in (1.12) that 
u' » N/l-.F, the coupling can be included even in a case without 
pre- twi St ing . 


6.17) 



in in 


fi i ^ 


If one now applies the surface integral (6.10) to (b.!!*), 
one gets the sought-for effect of the longitudinal force on torsion. 


The considerations here make it clear that rod-beam theories 



can inclnJc non-linear effects only to a certain Jegree. If a 
still greater decree of precision is to be achieved, it cannot 
be in the form of a rod-beam theory. 

The simpler rod -beam theory, vshich only takes linear terms 
of deformation into account and includes effects of a higher order 
if they are given by known load functions, requires the same pre- 
cision in its differential geometry assumptions as does a non- 
linear theory. If this is not provided for, one gets varying 
results that cannot be brought into accord with each other. 
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